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we have Ce�⇢j/CCj�kH� d
2

+k d
2

�j3 d
2  H�k(1+d/2)+7d/2+3✏/(k2j2). We conclude after

simplification.

5. The Algorithm, Its Implementation, and Its Complexity.

5.1. The Initialization of the Algorithm. To describe the practical implemen-
tation of the algorithm we consider the (finite element) discretized version of (1.1).
Let Th be a regular fine mesh discretization of ⌦ of resolution h with 0 < h ⌧ 1.
Let N be the set of interior nodes zi and N = |N | be the number of interior nodes
(N = O(h�d)) of Th. Write ('i)i2N as a set of regular nodal basis elements (of
H1

0

(⌦)) constructed from Th such that, for each i 2 N , support('i) ⇢ B(zi, C0

h) and
for y 2 RN ,

(5.1)
¯
�hd|y|2  k

X

i2N
yi'ik2L2

(⌦)

 �̄hd|y|2

for some constants
¯
�, �̄, C

0

⇡ O(1). In addition to (5.1) the regularity of the finite
elements is used to ensure the availability of the inverse Poincaré inequality

(5.2) krvkL2

(⌦)

 C
1

h�1kvkL2

(⌦)

for v 2 span{'i | i 2 N} and some constant C
1

⇡ O(1), used to generalize the proof
of Theorem 4.14 to the discrete case.

Given g =
P

i2N gi'i we want to find u 2 span{'i | i 2 N} such that for all
j 2 N ,

(5.3)
⌦
'j , u

↵
a
=

Z

⌦

'jg for all j 2 N .

In practical applications a is naturally assumed to be piecewise constant over the fine
mesh (e.g., of constant value in each triangle or square of Th) and one purpose of the
algorithm is the fast resolution of the linear system (5.3) up to accuracy ✏ 2 (0, 1).

Fig. 2 The (fine) mesh Th, a (in log
10

scale), and u.

Example 5.1. We will illustrate the presentation of the algorithm with a numer-
ical example in which Th is a square grid of mesh size h = (1 + 2q)�1 with q = 6 and
64 ⇥ 64 interior nodes (see Figure 2). a is piecewise constant on each square of Th
given by a(x) =

Q
6
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). The contrast of a (i.e., when a is scalar, the ratio
between its maximum and minimum values) is 1866. The finite element discretization
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